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OUTLINE
* FLAPW Method

- One-electron equations and Bloch function
- APW method
- Linear method
- Full-potential method
* FLAPW Codes

- FLAPW packages open to public



Kohn-Sham Equations
h2

2m
=2_ ;)P

(1) = s (1) + € [ ! o ()

Hpj(r) = [ oV + Vst (1 )] ;(r) = €59;(r)

% One-electron equations to describe
independent Fermi particles in an effective field
determined in a self-consistent way.



Band Theory

How to solve the one-electron equations for particular
condensed-matter systems

Periodic system = Band theory
Bloch Theorem

% A quantum-mechanical state in a periodic system can be
specified with a wave number k

Hyj (r) = e5pi(r)

Dispersion relation: band structure




Brillouin Zone and Bands
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Textbook of Band Theory
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Bloch Function

T(R)yX(r) = ¢ (r + R) = ™™ ¢y(r) : Bloch theorem

Pi(r) = e ul(r)

us(r+ R) = uf(r) : periodic function
represented in a

l Fourier form

w;((r) _ 6z’k-r Za‘lj{’KeiK-r

K K: reciprocal lattice
K



Bloch Function

°* Normalized in a macroscopic volume £

* Kk points in BZ are independent and sufficient
1 :
k k+K _i(k+K)-r
“(r) = E a;' e

.=

HYX(r) = Xy (r)



Secular Equation

Y (k+K'[H—efk+K)akt¥ =0
K

Matrix elements

h2
k+K'|Hk+K) = oIk + K|*0k' k + V(K — K)

1 T
V(K'— K) = o) /dre_z(K “K)Ty(r)



V(K) (Ry)
=
N oD N
I I |

1
o=

Fourier Transform of Potential

V(K'— K) = %/dre‘i(K,_K)'rv(r)

I | | | [
fcc Al |
0.5 [1,1’11[2,0,01 1 v(r) =~ Z Vatom ([T — R)
' R

0.0 N 7

* Very slow convergency of
FT of the Coulomb potential
requires a large number of
K vectors.

| * Asymptotic behavior ~ K2,
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Core Functions

1

K‘¢core> - 5 /dre_i(k_'_K).rgbcore(r)

Very slow convergency of the core
functions because of localized nature.
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How to Solve the Problems

* Contributions from core (nucleus and core
electron potentials, and orthogonality to core
electron states) are replaced by a soft (easily
Fourier transformed) potential

* PW basis functions are augmented with more
localized functions
— Augmented or mixed basis
* Green's functions are used as a multiple
scattering problem.
— Koringa-Kohn-Rostoker method

12



Muffin-tin Potential Approximation

we

* Spherical around atoms
— ¢ Constant in the interstitial




Slater’s Idea
J.C. Slater, PR 51(1937)846.

Plane waves r—-R|[>S
1
k+K _ i1(k+K)-r
r) = ——e
P(r) =
Augmentation waves r—RleS
¢ (r) Zzla}‘ntKR (Ir — R|; E)Yim(r — R)

Ri(r; E) : radial function for energy E

Yim(r) :spherical harmonics
14



Augmented Plane Wave
J.C. Slater, PR 51(1937)846.

Secular Equation
det |(k + K'|H — Elk+ K)||=0

72
(k+K'|H—-Ek+K) = {%\k—l- K|? — E} 0K’ K

_|_FAPW (E)

Matrix elements have non-linear energy
dependence due to logarithmic derivatives of the
radial functions.

— Matrix diagonalization scheme cannot be used.
— Need to search the poles of the determinant.
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Problems in APW Method

. Energy dependence of the matrix elements I‘ﬁf,),K (E)
requires to search poles of the determinant.
m=) Linear method by Andersen (1975) and
Koelling-Arbman (1975)
L+ APW - LAPW

. Muffin-tin potential approximation doesn’t work

for less-packing or low-symmetry systems.
Full-potential method by Weinert (1981)
—) F + LAPW - FLAPW
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Logarithmic Derivative

R (S; E) d
_ . B
Li(E) R/(S:E)  dr n Ry (rs ),,,:S

The APW eigenfunction satisfies the boundary
conditions (logarithmic derivatives) on the
spheres among the general solutions.

~——_ \

SW PW
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Single-MT Problem

Radial Equation in Rydberg units
[ d? 2d (I +1)

dr2  rdr

, Fu(r) — E} Ry(r; E) =0

S
Normalization / Ri(r; E)ridr =1
0

Radial function  P(r; E) = rRi(r; E)
[ d? (1 +1)

dr2 r2

-o(r) — E] P(r; E) =0

S
/ P?(r; E)dr =1
0

18



RADIAL FUNCTION AND POTENTIAL

Energy Dependence of Radial Function

d*P(r; E) _ (i +1) Fu(r) — E| B(r; E)

dr? re
1.0 = | ! |
0.5 |- |
- R (r,E)
........... FEEEST1 R (1Eawon)
oop 000" — R (Ev) EL < Eatom < EU
z-
—— « atom
N
05 |- )
1.0 :
s 1

RADIAL
19



RADIAL FUNCTION AND POTENTIAL

1.0
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Logarithmic Derivative

R/(S. E) d

I (E) = 2\ —InR;(r: E

l( ) Rl(SaE) d’r . l(r )7“:5
\\- __________ 7 R(r(’fgatom) EL < Eatom < EU

«— R (r,Eu)

= e Ri(EL) > Ri(EBatom) > Ri(Ey)
/ IR)(EL)| < |R;(Eatom)| < |R;(Ev)]

1 2 s s 0> Ll(EL) > Ll(Eatom) > Ll(EU)

RADIAL
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Li(E)
bce W-d

Logarithmic Derivative

‘Eatom

10 I I I I

LOGARITHMIC DERIVATIVE
o
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Logarithmic Derivative

Anti-
bonding
state

Bonding
state
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Linear Method

O.K. Andersen, PRB 12(1975)3060.
, D.D. Koelling and G.O. Arbman, JPF 5(1975)2041.

* Remove the energy dependence of radial
functions just like a Tayler expansion

R)(r;E) = Ry(r; Eo) + (E — Eo)Ry(r; Eg) + - - -
: d
Ri(r; Eo) = - Ri(r; E)
dE E—E,
* Use radial function at Eo and its energy derivative
to represent a radial function with any

logarithmic derivative

Ry(r; D) = Ry(r; Eo) + w(D)R(r; Eq)

23



Linear Method

e APW — LAPW

KKR — MTO — LMTO
KKR: Korringa-Kohn-Rostoker
LMTO: Linear Muffin-Tin Orbital
usually combined with ASA*
*ASA: Atomic Sphere Approximation

24



LAPW Method

Augmentation basis

f >t (e~ R Yin(r — R

¢k—|—K

Im

{

KK (r) = A%‘T:KRZ (r; By) + BSTE Ry (r; E)

k+K
All?;'LK
Blm

E;

determined from the
boundary conditions

energy parameter usually
taken at the center of the
occupied partial band
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LAPW Method

AFTE = 47520 TR Y (k + K)
Bk+K _ 47rS2bk+KYl;'in(k 1K)
ot = |k + Kljix R — ix R,
b =ik R — [k + KljixRi 4
PW — Spherical Bessel ft.

| | . dji ()
ik = Ji(|k + K|S5) JiK =

dx r=|k+K]|S

R; = Ri(S; Ey)
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Matrix Elements in LAPW

HC =SCE in Rydberg atomic units
Hx x = (k+ K'|H|k + K)
= (k+K')  (k+K)UK —-K)

4 S4 ,
o 2@+ DA ((k+K') - (k+K))
O , :
X (ElSlK K + fle ’K)
Sk k = (k+ K'|k + K)
= U(K' — K)

. 4784

. S (@2+1)P(k+K) - (k+K)) s

[
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Matrix Elements in LAPW

in Rydberg atomic units

47TS2 jl(KS)
(2o K

U(K) = 6k
le,’K — a}‘+K’a§‘+K + b}‘+K’b}‘+KNl
S .
N; = / R? (r; Ey)r?dr
0
ot = R { |k + Kljixix + |k + K|k }
— {RZRflele' + RiR|k + K|k + K,|jl,Kjl,K’}
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Why the Linear Method Works Well?

Orthogonality to maximize the variational degree
S .
/ Ri(r; E)Ry(r; Ey)r?dr =0
0

Orthogonality to the core functions

S
/ Ry(r Ey) Rooge (1; Booge)r2dr = 0
0

S
/ Ri(r: B) Regpe (7 Eeore)r2dr = 0
0
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Why the Linear Method Works Well?

Energy expectation value of the orbital with the exact
logarithmic derivative

<E(D)>:<¢Z(D)|H|¢1(D)>S 10 —T—T— \

(@1(D)|p1(D))s

= E+O(E - E)*

LOGARITHMIC DERIVATIVE
o

10 | 1 1 1
3 2 4 © 4 2 i3
ENERGY (Ry)




Coulomb Potential

* Coulomb potential for smooth density distribution

n(r) = Z e'“Tng  V2°(r) = 4ne’n(r)

G A2
Y TE NG
UC(I') _ Z ezG rvg ’Ug — ez
G 30————————1———
N\
\

* Realistic distribution 200\

G(a.u.)



Full-potential Method
M. Weinert, J. Math. Phys. 22 (1981) 2433.

* Electron density inside the sphere is replaced by a
smoothed density with the exact multipole moments.

n(r) |[r—R|€S

n(r) = { n(r) |[r—R|>S

* Potential outside the sphere is given with the
smoothed density.

* Potential inside the sphere can be solved with the
sphere boundary conditions.

32



Full-potential Method

* Pseudized density inside the sphere

rﬁ(r) — Z leYlm Z a'nryn
Im ]

. An — (=) (21 + 2n + 3)!!
”G_Q_OL (21 + 1)1 S

Im

g @ (@

multipole moments
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Full-potential Method

* Potential inside the sphere potential on sphere

fuc(r):/sn(r’)G( "Ndr' — — ‘VG dS

') Yim(r) L o\ 20+1
G(r,r') —47rz 2l+1 P [1 (S) ]

A 4 r\'. .,
VG- == 3 (5) Yim(®)Yim(r)

Im
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Full-potential Method

* Electron density inside the sphere

1(r) = 3 1 (r) Vi (1)
Im

* Potential function inside the sphere
0(r) = 3 vim (1) Yimm(r)
Im
* Matrix element of potential

AHy x = (k+ K'[Av)k + K)

non-spherical part

35



FLAPW Method

* Two-dimensional slab models

- E. Wimmer, H. Krakauer, M. Weinert and A.J.
Freeman, PRB 24 (1981) 864.

- M. Weinert, E. Wimmer and A.J. Freeman, PRB
26 (1982) 4571.

* Three-dimensional systems

- H.J.F. Jansen and A.J. Freeman, PRB 30 (1984)
561.
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FLAPW Packages Open to Public

@ ABCAP ¢ FLEUR
@ HIiLAPW ¢ QMD-FLAPW
@ KANSAI ¢ WIEN
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SUMMARY

FLAPW Method
APW method by Slater
Linear method by Andersen and Koelling-Arbman

Full-potential method by Weinert
Highly-Precise All-electron Method

- .

General-purpose first-principles method
for a variety of condensed matter systems
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All-Electron vs. Pseudopotential
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Energy of element : (meV/atom)

All-Electron vs. Pseudopotential
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FLAPW — Precision

82 Octet elementary and binary systems
with typical elements

AFE = E(RS) — E(ZB) (eV/atom)

3

HiLAPW

RMSE = 7TmeV/atom

-1 0 1 2 3

FHI-aims L.M. Ghiringhelli et al.,
PRL 114, 105503 (2015)
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