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PROFEIE Collisions in Three Dimensions

We are now primarily concerned with collisions in three
dimensions, in which a particle collides with a fixed force

field. /
N\

I\ N S\

R\:
Bombarding particles =
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Scattering Cross Section

The angular distribution of particles scattered by a fixed center of
force or by other particles is conveniently described in terms of a
scattering cross section. Suppose that we bombard a group of »
particles or scattering centers with a parallel flux of N particles per
unit area per unit time and count the number of incident particles
that emerge per unit time in a small solid angle d{) centered about
a direction that has polar angles 6 and ¢ with respect to the
bombarding direction as polar axis. dQ /

—— > :
Bombarding particles i

N particles per unit area per unit
time
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Scattering Cross Section

This number will be proportional to », N and d, provided that the

flux is small enough so that there is no interference between

bombarding particles and no appreciable diminution of of the

bombarded particles by their recoil out of the target region, and

provided also that the bombarded particles are far enough apart

so that each collision process involves only one of them.

Then the number of incident particles that emergy per unit time in

d() can be written
nNo (6, ¢)dQ

where the proportionality factor Ny >
(6, ¢) is called the differential |

scattering cross section
—— >

Bombarding particles

N particles per unit area per unit
time




PROFEIE Collisions in Three Dimensions

We now consider collisions in three dimensions
Quantum Mechanically.

Diaphragms (collimator) Force Field

®
S
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. 1 . \V2mE
u(r,0,9) — Afe + = £(0, e}k =2 (5.1)
Incident wave Sc'a\tered wave
D | D | |
® |
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Scattering by Spherically Symmetric Potentials

We assume that V' is a function only of r, and we
find the connection between the solutions separated
In spherical polar coordicates and the asymptotic
form (5.1): This procedure is called the Method of
partial waves:

It is apparent that the problem now possesses

symmetry about the polar axis, so that u, f and o are
iIndependent of the angle ¢.

u(r,9) = Z(zz + 1)i'R,(r)P,(cos 6)
[=0

— Z(Zl + 1)ile(r) P;(cos8) (5.2)
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Schrodinger Equation in Central Potential
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Ay @) = {— ;—mA + V(r)} Y(#) = E¥(#)
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In the case of central potential, wave functions can be factorized into functions
of r,0 and ¢.

Y(@) = R(r)Yyn (6, $)

Then the Schrodinger equation can be splitted into two equations:

h2 1 0
2mr2or

( 0)+h2l(l+1)

or - + V(T)] R(r) = ER(r)

02

2 1 0 ( g 0) 1
sin020 \""%39) T sinZg 392
= h21(l + 1)V, (6, $)

}Ylm(9: ¢)
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Scattering by Spherically Symmetric Potentials

[ _ TTT I
We assume that I is a function only of r, and we find the connection

between the solutions separated in spherical polar coordicates and the
asymptotic form (5.1): This procedure is called the Method of partial waves:

It is apparent that the problem now possesses symmetry about the polar
axis, so that u, f and o are independent of the angle ¢.

u(r,6) = Z(zz + 1)i'R,(r)P,(cos 0)
[=0

— Z(Zl + 1)ile£r) P;(cos 0) (5.2)
[=0
ERCIRE e
d2 (1
e o +2 pm=0 63
o= “Zm (r)— V() —0

T—00

QD KRS =
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Three-dimensional Square Well Potential

. - TIENNNENTTT | I
As a first example, we consider the square well potential of fininte depth, for

0

which:
—V,, r<a,
vir) = { 00 r>a
When [ = 0:
d?x;(r) 2
%+ [kz +h—TV0])(l(r) =0, r<a
L0 4 g2y (r) =0, r>a

dr?
General solutions are

x1(r) = Asinar + Bcos ar,

J2 _E
a = m(;l/o ) forr <a

x;(r) = Csinkr + D coskr for r > a

Vo >0

V(1)

a




T 64 ERTH

Three-dimensional Square Well Potential
Boundary conditions

M) y;(r)=0 at r=0 ->B=0
x1(r) =Asinar forr<a

(2) (1/x)(dy;/dr) is continuous at r =a
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Three-dimensional Square Well Potential

e
Interior Solutions for Arbitrary [

(1) Forr<a
J2m(Vy — E)
p = ar, a = 7
d*R, 2dR, I(1+1)
. 1 — R = 4

The strong resemblance between Eq. (5.4) and Bessel's equation
x2y" +xy' + (x> —p?)y =0
suggests that R; can be expressed in terms of Bessel functions. This is, in
fact, the case; if we define the “spherical Bessel function” j;(p) that is regular
atp =0 by
1

e =(5) 1,200 65

Where/, .1 is an ordinary Bessel function of half-odd-integer order, it is easily
2

verified that j;(p) satisfies Eq. (5.4).

QD XERAS =
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Three-dimensional Square Well Potentlal

e - TTDNNENNRRNTT
In similar fashion, the “spherical Neumann function” is
1

m(@) = D" ()T 1) 56)

Explicit expressions for the first three j,’s and n;’s are

_ sinp Cos p
(p) = : no(p) = — :
Jo\p o o\p o |
() = sinp  cosp () cosp sinp
_ ’ n _ _ _
Jilp Y o 1\p Y o
(0 (3 1)_ 3 () (3 1) 3 .
=|———]sinp ——cosp, ny(p) = —(———)cosp ——sinp
2= \p3 T p) PP T 2 ? P> p p>
The leading terms for small p are
l
_ P 2l - 1!
1(p) p-0 (21 + DI’ l(p)ﬁ_ pl+1

QL+ )H)"'=1-3-5-7---(21+1)
And the leading terms in the asymptotic expansions are

1
ji(p) — — cos p——(l+1)n] n(p) — — sm[p——a+1>n] (5.7)

p—00 p p— p
QD XREASE =




“”é?aﬁﬁering by Spherically Symmetric Potentials

Now, the most general form for R;(r) is
R;(r) = Aj{cos §; j;(kr) — sin §; n;(kr)} (5.8)
In the region where the [ terms as well as U is negligible, and R;(r) is
obtained from the asymptotic formulas Egs. (5.7),

1 1
R;(r) 1:;5/11 sin (kr —3 I + 61) (5.9)

We now wish to identify the asymptotic form of Eq.(5.2) with Eq. (5.1)
u(r,6) = Z(zz + 1)i'R,(r)P,(cos 0)
1=0

— Z(Zl + l)ileir) P,(cos 6) (5.2)
[=0
u(r, 0, ¢) — A {eikz + ;f(H, qb)eik"}, k = —Z;LnE (5.1)

To do this, we require an expansion of ek? = k7 cos 0 jn | egendre

polynomials
gikrcosd _ z(zz + 1)ilj,(kr)P,(cos6)  (5.10 )
=0 P KERXZE
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Scattering by Spherlcally Symmetrlc Potentials

Substituting the asymptotic form of (5.10) mto (5.1) with A=1, and equating
this to the asymptotic form of (5.2), we obtain

1 1 1 .
.l . = - ikr
Z_EO(ZI + 1)i - Sin (kr 5 ln) P;(cos @) + rf(@)e

o A 1
= 2(2[ + 1)ilk—;sin (kr — Eln + 51) P;(cos 9)

When the sine fpncﬁons are written in complex exponential form, the
coefficients of e’*" and e~t*" on the two sides of this equation must be equal
to each other:

2ikf(0) + Z(Zl + 1)ile __ll”Pl(cos 0) = Z(Zl + 1)it4,e’ i(81- Zln)Pl(cos 0)

Z(Zl + l)ilefil”Pl(cos 0) = E(ZZ + 1)ilAle_i(51_7m)Pl(cos 0) (5.11)

Since these are true for all values of 6 and the Legendre polynomials are
orthogonal to each other, the second of Egs. (5.11) becomes

_ i —
Ay = e'l D KIRASE =
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Scattering by Spherically Symmetric Potentials

Substitution of this into the first of Eqs (5.11) gives the scattering amplitude

1 .
£(0) = z—ik;(zz +1)(e2%1 — 1)P(cos8)  (5.12)

Thus the differential cross section is
2

Z(zz + 1)elising, P(cos6)|  (5.13)
[=0

1
o(0) = If O =




Phase Shifts

The angle §; is called the “phase shift” of the [-th partial wave, since according
to Eq. (5.9) it is the difference in phase between the asymptotic forms of the
actual radial function R;(r) and the radial function j;(r) in the absence of
scattering potential (U = 0).

The phase shifts completely determine the scattering, and the scattering
cross section vanishes when each of the §; is 0 or 180° .
The phase shift §; is computed by fitting the radial wave function R;(r) for r <
a which may have an analytic form and can always be found numerically if
necessary, to the solution Eq. (5.8). The boundary condition at r = a is that
(1/R;)(dR;/dr) be continuous. Thus if y; is the ratio of slope to value of the
interior wave function, we have that
d

T dr

_ k{jj(ka) cos 8, — nj(ka) sin §;}
~ ji(ka) cos 8; — ny(ka) sin &

LN ] 6 I ; L L]
0“ .0 l ( ) 0“
* * *
L4 * L4
L4 * L4
G . G
L4 * L4
‘0 0‘ ‘0
* 0. *
o
LN B

In R;(7)

r=a

>

Incident wave Scattered
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Scattering by Spherically Symmetric Potentials

Then §; is given by
_ kji(ka) — yyj,(ka)
kn;(ka) — yn;(ka)

tan §; (5.14)
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22 FTEREE

BRI EF AL ALBEADOBFOKEBERET Ok
T[T KL .
DEZISEY ), (r)=exp(ik o r)u, (r)

E lk+G\/_eXp( i(k+G)er),

FHRICKOEEZ TEIKEEEM A,

<r‘k + G> = Lexp(i(k +G)° r),

JQ

<k + G‘k + G'> = éLexp(—i(G —G')° r)a’r =0 -

QD KERAS =
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‘k+G‘SGmaX 1
. = , S WKk +G)e
wzk(r) 2 Cik+G \/Eexp(l( + ) l‘),

1%\%gzciklj:wiko)7_lljlg*@f%éo
Cik+G = EL exp(— i(k + G). r)Pik (l‘)ﬂ’l‘.
2n/GmaxIZRID R EEREIZH IEL . SN &Y NSRS —
ILCOZEIEFE R TELZNIEITHES, EDLBHLVDGmax

NIAETHLAIM L. BRLI-UVEREIBESAE DS ULVZERE
MICRIEZEIELTOSANZIKEFET S,
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e |

;é—7.86§ \@0_37;

= ~7.87 - £ 0.36

2-7.88 - 5 0-35 7

5 gq - o 0.34

= D £ 0.33 -
LA I IR I N L L ﬁ LN LN B I L
25 3.0 35 .40 45 50 25 30 35 .40 45 50

Gmax (ag ) Gmax (ag ')

Gmax=3.5ag ' CEIRILF—H0.1 eV, FEIKFEHH
0.01ARREDNFHBE TIELTWWAIENHM S, —fiRIZET
FILEF—DFEHE LY HHEHED A HGmaxIZxt 9 HINR
TR, T, ITRENDSIIIZ, EIRILF—EERR
EMNARYIL D=8, Gmaxzac KRELTULWEEERITH DL T
LN DYRA TR GCmMaxES ZEOLTLMFIE R TIT Ay
IIZEEBRBOYAREI KT HENTES,
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222 TEHREEDH =

- YA TGmaxZEDOT EIZKYRTI Ty
DIZEEBEMDY M X KTES, (Over
Completeness D [EIREHNTELY)

) é:dEFEﬁ’Eﬁ%@*ﬁJET _<|53|ﬁ_.|-ﬁbo
(Basis Set Superposition Error® [ gEHY7ELY)

LERBEMIIFEFDOMEIIRFELLELD T, [RF

l BIKHIEANILIY -TD7AURVEENBRYIL
s n-l_ﬁb\@%‘ 7‘-&%)

- FFTZ2FAWAZEIZLY ., B RGETE DA EE,
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223 JILLRTFERTUUYILDRRE

-+ 02p, Cu 35 EDIRREIL /—FZFHFT=720),
> EEBEBNRFZTIETREZIREZF DO,
>/ IVLREFEEHEE-T=O. BEREIRE#E
RFH%ITETREGZIRBZFOULEDH D,

>BEUR RN T FEHKTERIT HICIEKREL
BAXDOTEREENDETIHENED
éo
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2.0
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D
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0 1 2 3

r (Bohr)

- JIVLRBFEFRHZEILT I IEISKY FRICEDS
MR BN T A EMAEE,

> ILESY Tk
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4 Cu3d
=
_2 - |

Energy (Hartree)

ZSBRETZHWNAZEIZKY., KUKBE
DRWMERTUIYILEL D,
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)exp(— iGe r}lr.

QD XERAS =




T 64 ERTH #HEABHE

EIR)LF—
Eye = (£, 0p(e)r,

| \G\sszax. )
Ee = [Var @)ple kr =@, Y7 (G)o"(G)

ENL = Efl‘kED;(:zl<wlk ﬁn><[)’m wik>9
ik Inm
1 AV
E.y =— 2
W 2[¢J R]_RJ‘




M6 FERIH #HEABHE

25NV -D7AI T

- FTEFEEEEZERVACEIZEY. EIRILEF—DEF
ERRICET AMAITRHLTAILIY-T7A40D
EENBYILL. RFICEBKODHENERZ LGS,

K I=_LET

dR,

Efk (s

d
VlOIl V . _ E
R ( loc T )‘wzk> dR, EW

QD XERAS =




T 64 ERTH #HEABHE

25NV -D7AI T

T
I
d 1
Ed]l;k <wzk _EV + w1k>

ik
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ik ik

5 2
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STATE-Senri

(Simulation Tool for Atom TEchnology)

Density Functional Theory
LDA. GGA. LDA+U
Ultrasoft pseudopotential

Plane wave basis set

I[terative diagonalization
Davidsonj%. RMM-DIIS;%

Broyden charge density mixing

- Applied to wide range of materials
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STATE—Selnri

(Simulation Tool for Atom TEchnology)
Structure Optimization

Quenched MD, GDIIS
Finite Temperature Moleculear Dynamics
Reaction Path Search

Eigenvector following

Nudged Elastic Band Method

- Vibrational Spectra (IR, HREELS). Electronic
States (XPS, UPS). STM Image calculations

QD KRS =




F 164 AT ABHE

FIREET OY S LSTATED B 5

Docs » STATE documentation {Izl-l_l‘ ‘FE_ ;“J:L Fag 5!;& _H:H
 DFT-GGA, vdW-DF, GGA+U
STATE documen YILkSY T H&E#\T-/ )L
Contents: e YEmEmEHEE
L ESMIAISEORES

i5
. };unninlgSTATE d }i”[?\, \%Eﬁﬁ%ﬁ1t
\ Tutorsl + BHIRIILF—FE

X
i%
T
P2
-
LiTh
gpun
il
lmu l

(i

¢ Voo  Fortran90 + MPI + OpenMP
ey « LTUA ki, \UF, GR,

o ALk SETILS

o SAT FHEBTTUT LT A I—9239F (CMD-

WS)IZTEHR&Fa1—rJTIL

https://state—doc.readthedocs.io/en/latest/ I RbraEte



SF6EER HEABEE
Important roles of Interfaces

Nano-scale Interface Determines the performances of
Devices |

Fuel Cells

\ Organic Devices
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Quantum Simulations can clarify important factors /A
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Organic/Metal Interfaces
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.:;’ S _

HOMO

Thiol/Au surface e E Naphthalene/Graphene IPS, hDAPyr/Cu(001)
T. Hayashi et al., - ne— S.A. Wella et al., A. Shiotari et al.,
J. Chem. Phys.(2001) Thiol/Cu surface, Phys. Rev. Mater. (2017). NangLett(ﬁZOZO)ww

M. Ohara et al.,
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Phys. Rev. Lett. (2008).
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«— Experimental Value
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n-alkane/metal Y. Morikawa et al. '\‘ A VA A VY \&_fa MY
Phys. Rev. B (2004) ‘ MM M e

Pentacene/Metals, K. Toyoda et al.,
PRB (2007), JCP (2010), JPCC, (2011).

CoPc/Cu surface, J. Brede et al.,
Phys. Rev. Lett., (2010)




oo T = ANBEE
Heterogeneous Catalyst & Surface Reactions L
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CO, hydrogenation on Cu surfaces

Fahdzi Muttaqien, et al., J. Chem. Phys. (2014), Oxidation of Diamond (100)
J. Chem. Phys. (2017) , Chem. Comm. (2017), J.l. Erinquez et al., Carbon (2021).
Nature Chem. (201 9) LaPdO,  layer Pd nanoparticles

<>

LaFe, Pd,0, LaFe, ,Pd,0.\

NO dissociation by H,O Oxidized state Reduced state

Thanh Ngoc Pham et al.,JPhysChemC.(2018). Isl:*p;r:]e:;;ogtcijg a:t,erg'ﬁem Soc., (2011)
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Etchmg of SlC by Pt catalyst p— g
Bui Van Pho et al.,Appl. Phys. Lett., (2015) H,0 dissOCiATioN 0BG

J.J.Appl.Phys (2018). H.-J. Shm et al., Nature
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Ligand-ffeﬁe éuzuki Cross-coupling
T. Hirakawa et al., J. Chem. Phys. B (2017)
T. Hirakawa et al., J. Chem. Phys. C (2017)

Hydrogen Evolution Reaction
M. Otani et al., J. Phys. Soc. Jpn (2008).
PCCP (2008). JPCC (2008).

Water Dimer / Cu(110)

o T. Kumagai et al., Phys. Rev. Lett., (2008),
Methanol Oxidation on Pt Electrode Phys. Rev. B (2009).

2017/12/3-5 J. Herron et al., PNAS USA (2016).

C-H Bond Length 1.22 A C-H Bond Length 1.37 A C-H Bond Length 1.53 A
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Real Surface VS Ideal Surface

Ultrahigh Vacuum,
o .

Real Surface (%Fﬁi‘%ﬁ) |deal Surface EE:, %ﬁ)
Composite, Complex Atomically Flat & Pure

BEMH . BHTEE. ERk JRFLANILTFIE, FHE Rk
Difficult to Understand  Clearly Understandable

Real and Ideal Surfaces are very different!
Pressure Gap
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How to Br |dge the Pressure GaE
Ultrahigh Vacuum,

STM, AFM, TEM, XPS

Ambient Pressure,
STM, AFM, TEM, XPS

Difficult to Understand  Clearly Understandable
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How to bridge the Pressure Gap Theoretically ?
-

» Scanning Tunneling Microscope (STM) » Single-scale simulations

Control voltages for piezotube

100 —

10° —

106 —

Length scale (m)

10° —

10-12 —
https://en.wikipedia.org/wiki/Scanning_tunneling_microscop

€ 1015 1012 10° 10© 103 100 100
Experiment has difficulty to capture Time scale (5)
atomistic events There is a trade-off between scale and accuracy

. J  \\ J

Multi-scale Simulation
DFT Calculation Molecular simulation

v’ Accurate for general chemical species v Feasible for large system an QEeEE i s
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How to Br |dge the Pressure GaE
e Ultrahigh Vacuum,

STM, AFM, TEM, XPS

Ambient Pressure,
STM, AFM, TEM, XPS

Difficult to Understand  Clearly Understandable

Macroscopic Scale Atomic Scale

Machine Learning
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3.1 PAW(Projector Augmented Wave)i&
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FEInt-,

‘ ‘P> : True wave function,

~~

‘I’> : Pseudo wave function

A

T : Linear operator.
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3.1 PAW(Projector Augmented Wave)i&
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3.1 PAW(Projector Augmented Wave)ix
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