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One-electron picture

One electron
One-electron
Schrodinger equation

VZ
<—2— i @) w(r) = ey(r)

Hlo

External potential

o
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Forget the fact that the potential V(r)
is created by electrons including the
electron under consideration.



3.0 Preliminary

Microscopic structures of solids



Crystal structures
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63: a six-fold screw along the c-axis
Cov m: a mirror plane with normal (100)
c: glide plane in the c-axis with normal (120)

Zincblende T42 T43m Wurtzite



Bravais Lattice
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3.1 Bloch Theorem

Effects of lattice periodicity



Crystal structures
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Periodic structure

Real lattice vector Reciprocal vector
R =na; + n,a, + nsa, K = mb; +myb, + msb;
{a;} i=123 {b;}  Primitive reciprocal vectors
Primitive lattice vectors
a. X a a. X a
: bh.— 7 = 2
POtentlal : ai X (aJ . ak) Q
V(l‘) — 2 V(K)exp(iK : l‘) Q: Volume of the unit cell
K
Real space Reciprocal space
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Wavefunctions

w(r) = ) y(Kexp(K 1) ?
K

2 No!
However,
the charge density must have the
lattice periodicity.

p(r) = y(r)*y(r)
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Bloch Theorem

Wavetunctions in a crystal

i (r) = exp(ik - )i (r)

Uy (T) : periodic function of the lattice vector R;

TR (1) = exp(ik - R)y4(r)

T(R): Translational operator T(R)f(r) = f(r + R)

T(R)y(r) = T(R)exp(ik - Py (r) = exp(ik - R)y(r)
= exp(ik - (r + R))uy (r + R) = exp(ik - R)exp(ik - r)y (r)

= exp(ik - R)exp(ik - r)y (r + R)

1 (r + R) = 14y(r)




Born-von Karman boundary conditions

R — nlal + n232 + n3a3

{ai} l: 19293

Primitive lattice vectors

Y(r + Nay) = exp(iNK - a)y,(r)

m
expiiNka) =1 ——* k= N
b

In 3D,

5
m:
k = Z —b, Reciprocal vectors

=1

{b;}  Primitive reciprocal vectors

a, X a, a, X a,
b, = 27— = 2
a; X (a; - ay) Q

(): Volume of the unit cell




Features of Bloch functions

Wid(1) = exp(ik - Dug(r)

e k is a good quantum number.

Eigenfunctions must have Bloch functions.

¥

However, Bloch functions are not necessarily the eigenfunctions.

e Figenfunctions are expressed by a linear combination {u ; (r)}
of Bloch functions with the same k. :

e Two eigenfunctions belonging to different k’s are
orthogonal each other.



e(k) has lattice periodicity

e(k): eigenvalue of H

eigenvalue

Win(T) = exp(ik - r)ig, (1) - £ (k)

n: extra index of eigenfunctions

l//k_l_Kn(I') — eXp(lk + K : I')I/tk_l_Kn(I‘) 8n(l( + K)
= exp(ik - r)exp(iK - r)y  x,(r)

() - £,(k)



Band structure

Plane-wave expansion EA
i (r) = exp(ik - r)u(r) 4
o ; Ck+Kei(k+K)-r band . i ’ = )
én(K)
Periodic functions k-dependent energy \ /5
, = band dispersion
IG(r) = ¢ el
k % k+K .
: : -
additional index l n: band index -Tt/a 0 m/a
k k+K
ukn(r) o Z CKnelK.r
K k—->k+K

= exp(ik - r)exp(iK - r)uy  (r)

Even when k is restricted in the range -1t /2< k <mt/2,
additional band index n covers all the possible states.

periodic in R



Free electrons

2m

hZ
{——V2 - V(r)} w(r) = ey(r)

When V=0 l free electrons
2
—— V2 (r) = ey(r)

2m

h2

80 = _k2
2m
However,

Bloch theorem — g (k- K
m



Why does the band structure emerge even from free electrons?

(envelope) + (periodic function)

Example)
85.2xz : eO.sz esz
e tkx periodic function
0k u(x +n) = u(x)
e A
e hz 2
7t/ a unit




Brillouin zone (BZ)

The minimum region in the k space needed to indicate
the periodicity.

Construction of a Brillouin zone (BZ)

First Brillouin zone

A

-b a0 w/a b=27t/a
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First BZ
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Density-of-States (DOS)

Density of states in the energy space
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N (Ak)3 3 e =—Fk*
dig: Vo | e
D(k) = — = — mk? de. It
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Electron occupation

One band in a Brillouin zone contains exactly two

electrons in a primitive unit cell.

dk

B

-1/a Ol t/a

First Brillouin zone

J Dik)dk — 2
BZ

the volume of BZ

One BZ .
One unit cell &

two electrons in a cell



Fermi energy

Er: Fermi energy (level)

EF
J D(e)de = N,
0

Fermi surface




3.2 Band theory - 1

Nearly free electron approximation



Nearly-free-electron approximation

Potential atom potential
V)= ) U(r-R-d,)
r = Z eiK.rV(K) R Atom potential of

K j-th atom of the same chemical species k

e
=Y — [dre %"y (r - R - d,))
Rkj 2

V(K) = : dre = Vi
—E[ € (l’)

C

— Z i [dr/e—iK-(r/+R+dKj) UK(I./)
50
Rkj

1 . . :
g = E 2 Z e—lK-RZ e—lK-dKdere—lK-rUK(r)
g b=21a s
q—1
. Kkd N1 KR
L5 ar =22 2 ]UAK)
N 2 £ = Ok K Ky R
R
o A Sx(K) form factor

Z o~ KR _ ,—iK000) | ,—iK100)  ,~KQ200) _ structural factor

R 1 1 1



Schrédinger equation

i q-r . . . o e
W(r) = Z Cqf i elk-rzck+KelK-r matrix form unit: 5 =1
K

q

q=k-K
k’—¢ V(K V(K,)

h2 V(Kl) (k — K1)2 — & V(K2 i Kl)
—2—V2 + V(I‘)} w(r) = ey(r)

m VK, VK,-K) k-K,>—¢

. h?
Z olar { <%q2 i g) ek z V(K’)cqK,} =1 =0
q K’
5 When V=0
h—(k —K)Y’—¢e |+ Z VIK'= K)e_x =0 = ; h2 ;
I K’ £ == 2—(k = K)
m

free electrons




Role of crystal potentials

1
At a zone boundary k — EK

(K/2)?—¢ V(K)
VIK) (K/2)?—¢

=

Degenerate case

£ = 81(/2 + | V(K) |

Opening a gap

\
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gq=k-K

Bragg reflection

lq| = [|q - K|

‘Y o —

/

When Bragg reflection occurs, an energy
gap is opened at that point q.




Bragg reflection
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Correspondence to X-ray ditfraction

Structural factor

S(hk)=) f exp[—27ti(xjh i zjl)} (hkl)  Muller index
J

= 2 i Zexp[—Zm’ (xjh tyk+zl )} K: chemical species
. of symmetry equivalent

S_(hkl)

S _(hkl) Hee 1+exp[i7r(h+k)]+exp[in'(k+l)]+exp[in'(l+h)]

g vanishes when both even and
odd numbers are present

Diamond (1 + exp[iﬂ(h + k)] + exp[iﬂ(k + l)] 25 CXP[i”(l a5 h):l)(l = eXpP%;f/\;ﬁD
+h+

e Extinction rule for FCC
(111) .

hkl: even for all and

FRMEF £33 RE [cpm]

h+k+1 = 4n

0 | | | | | | | |
20° 30° 45° 60° 75°

SMEOME 20

C. Kittle, Introduction of Solid State Physics, (1976), p.66
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Examples of free-electron bands

Diamond structure

Si

Energy
(2)
r2'+r’_)5'+r|2'
'\ | [200]
A1+A3
[311] (2)
&322 A+A
L1+L2'+L3+L3' 1 (5) [111] A]+A2'+A5
(2) (2)
A] r1+F2v+F25-+F,5
(3) (3) A,
[_lli]
2723 A
It A, I, s
L A I" (000]
Wavevector k

2 at/cell
8 el/cell

[011] X4+X,
(2) (2)

[100] X,
(2)

Yu & Cardona, Fundamentals of Semiconductor Physics (FS), p. 53



Comparison of free-electron band
with the real band

Bragge reflection and band ga Si crystal
88 &ap N5
Energy
1"2-+I"35-+F|2-
tion band
- v
% Opgning gap
A|+/\3 \ A
e 4‘ s
B D\ 3
A, N (1] A +Ag+As 2 ds
I XX, 5
A] r1+l"2-+1"25-+1"1 5
A nice band
[100] X,
EE 0 i
L+L; A, rs !
L L X L A T A X.UK . E r

Wavevector k Wavevector k

Yu & Cardona, FS, p.53



Symmetry consequence

Why not splitting?

atk =X 2—”(1,0,0)

.

Bragg reflection would be expected by

Energy [eV]

K=-200

But for the diamond structure

V(2,0,0) =0

| A I A X . UK > r
Wavevector k

No reflection!

Yu & Cardona, FS, p.53



Exercise 1

For the diamond structure, show the crystal potential
VIK) —0at K=(). 0. 0).

Hint: show S(K) =0

2 atom / primitive unit cell S(K) = Z palih Z Z ¢
R Rz g
i 0,0,0
| : : J 1 2
2 —(1,1,1
2,1, 1) - . . S(K)



Energy band with spin freedom

I

A X BE . r
Wavevector k

Yu & Cardona, FS, p.64

Energy [eV]

/W
GaAs

ASN

Wavevector k

%7
r._-/
X7
" A
5 \
— Ie I's
L I A X K p I



3.3 Band theory - 2

Tight-binding approximation



Atomic Orbitals

Atomic orbitals

Hy$,(r) = E,$,(r)

h2
H=-—V+U (@)
2m
Crystal potential

Vir) = U, (r) + AU(T)

H=H,+ AU(r)

R ¢, (r)

AN AA

AU(r)




Linear-Combination-Atomic-Orbitals

Yo (LCAO)
R atomic orbitals
Bloch condition  T(R')g,(r) = Z e®Rp (r — (R = R)) R-R =R"
R

=Y B R)
R//

= *RY R (r—R) = %R (1)
R//

() = ) b, r)

Hl//(l') = (Hat + AU(I')){/](I‘) = g(k)v/(r) [Cb,j;(l')Hatl//(l')dr ==

[(Hat¢m(r))*w(r)d I = Em"qﬁ;};(r)w(r)dr
Jdrgb,ji(r) X l

(e(k) — E,) Jf/ﬁ;‘;(r)v/(r)dr - Jcp;(rm Uy (r)dr = 0



Jqﬁ;};(r)qbn(r)dr =90, Ortho-normal conditions

n

(8(k) T Em)bm T (S(k) 25 Em) 2 [ Z J¢;k¢(r)¢n(r s R)eik.Rer bn =

R#0

+y (Jg/;,;g(r)A U(r)cﬁn(r)dr) b )

n

2 Jfﬁ;‘:am U),(r ~ R>eik'Rer by

R#0

Overlap Sp(KR) = qu,?’i(l’)%(l’ — R)e™Rdr

integral

Matrix representation b = {b,}

(m, 1) component Soali= 3.5 (k B
R

(etk) — E DS H,, (k) = Z J¢;‘;(r)A U(r)g,(r — R)e®Rdr

R

0 ES iH

G et ¢ ey 15 )

ek)S-b=H-b

le(k)S—H| =0

Generalized secular equation — Numerically undesirable



Improvement

Orthogonalize atomic orbitals at different sites

[¢n4;(r)q§n(r — Rjar =9¢,,

Lowdin functions

Wannier functions
(R = [(p;;;(r)A U(r)¢, (r — R)e™Rdr
Treat as ﬁtting parameters . oy Slater-Koster matrix elements

Standard secular equation

(e(k) —E )1 —H| =0



Exercise 2: Calculated the TB band of a SC lattice in one dimension,
using only s-orbitals and nearest-neighbor interactions.
Ignore overlap integral.

Plot the result along the ky line.
Interpret the band dispersion.

0= T e SO
R

(e(k) — E, )b, = b, ( J(/ﬁ;‘;(l‘)A U (r)¢n(r)dr> b, <(e"’“’ + ¢~ika) Jqﬁ,;*;(r)A Ur)g, (r — R)dr)

- 2 cos(ka)

eky=E_ +a+ 2ycos(ka)






Chemical interpretation

(a)

o (bonding)

A B @B G—@ o (antibonding)
A B

Px Px

Fig. 2.18a,b. Overlap of two p, orbitals along the x axis to form bonding and antibonding
o orbitals

@
® ©

p)' p_\' A® B.

® @

Fig. 2.19a,b. Overlap of two p, orbitals to form bonding and antibonding 7 orbitals

7 (bonding)

7 (antibonding)



Chemical bond scheme

conduction banc\

e

T /
valence band /

/NN

/ sp® hybrid

atomic
orbitals

A1

hybrid

orbitals batgs







Correspondence to the band structure

sp3 hybrid orbitals

\/ I
A p band x /I/ x
/ /ox p-like hybrid orbitals

s ba XQ/
: : xo/ s-like hybrid orbitals
7\




Blocks of bands

DOS (Density Of States)
Tight-binding e
model t
/> P band Atomic orbital
omicC orpoita
P . characters
: e - sband
Free-electron ¢t
model .

Opening gap creates

> distinct bands




d bands of transition metals

1.5

i Vanadium Chromium Iron
(bce) (bec) \ B

s + 5d bands

25
Lo |-
s
Hy, B iz
l | ] I | | ]
0.575 1.15 0 0.58 1.16
k(a.u.)
1.5
Cobalt | Nickel | Copper
(fcc) (fcc) (fcc)
1.2 — —

E (Ry)

1 R. M. Martin, Electronic Structure: Basic theory and
046 0% practical methods, Cambridge (2004), p. 321.




3.4 Electron dynamics

Semiclassial model



Effective mass

The kep method for nondegenerate bands

@, (1) =exp(ik-r)u, (r)
+ Uy )i|unk (l‘) = E U, (1’) Bloch function

2 g
p +hk p_l_hk
2m m 2m

A
Second-order perturbation \/
%o I Tk

2 2
:Eo+hzkz+hzz<M"Ok.pu”'0> Mo

2m m n'#n EnO _En'O : 2m* /\

1 1 2 ‘<un0 kep ”n'0>‘2 - 1 2‘<Flc kep F4v>
m. m - m’k’ Z,g E.,—FE, - m ' m’E, k’

Enk n

rr:;’:ie;;ements (T, |kp|T,.) m—pp (X|p|T)= <Y‘py‘1“1>= (ZlpT,) =P
2F
. P’ 0 o
Pzzc: ;zl() eV m: +mE0



Equation of motion

: . 7
Equation of motion G
de hzk
1 Oe (k) o Almost classical equation!
n
Y 7L =y except replacing the electron
mass by effective mass.
. 1 .
hk= el BE+t v <B The effective mass
C has sign.
is the curvature of e(k)

Effective mass (band mass)

[M*]—l . 1 azgn(k) isotropif case 1 - | azg(k)
" n2 Okok; m* W2 ok




Electrons and holes

1 10k
— = 54 “ Curvature of band dispersion &,(K)
m*  h2 \Jdk?

e
mobility y=—-r

m* .
\ scattering time

m* >0 electron

m* <0 hole



/ matrix element

<F4v kep

1_‘1c>

Smaller the band gap is, more faster the electron is.

Ge GaN GaAs GaSb InP InAs ZnS ZnSe ZnTe CdTe

Ey [eV]
mg/m (exp)

0:89i: 3444 1555 0:0.81 a0 1345 10:45: +3.806 2,870 62:395 L 1459
0.041 0.17 0.067 0.047 0.073 0.026 020 0.134 0.124 0.093

mi/m ((2.44)) 0.04 0.17 0.078 0.04 0.067 0.023 0.16 0.14 012 0.08

Yu & Cardona, FS




Electrical Conductivity

dk 1 de, (K)

Electron current 1 = eJ BV(k) K
occupied -~

. 4 L
in periodic structure - J"\ /‘\
\‘ "' 5
dk K
[ —V(K) =0 LN k
Z0nc 4

3

Fully-occupied band does
not carry electronic current. | — Insulator

Electron vs. hole

dk
——v(Kk)

bl B e gosehl
zone occupied unoccupied unoccupied 1L



Classification of crystals

Number of
electrons

even odd even

Insulator Metal



3.5 Success of band theory



Classification of crystals

Metal and insulator

Optical properties

Conduction characteristics

Electron and hole bands

Mobility



The band structure of Cu

( ale

The classic APW calculations
using the Chodorow potential

G. A. Burdick, Phys. Rev.
128, 138 (1963)

s

angle-resolved photoemission
(points)

P. Thiry, et al., Phys. Rew.
Lett. 43, 82 (1979)




